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Abstract
This paper re-evaluates the known velocity relationships expressed in the form of a velocity diagram in
orthogonal metal cutting, arguing that the metal cutting process be considered as cyclic and consisting of
three distinctive stages. The velocity diagrams for the second and third stages of a chip-formation cycle
are discussed. The fundamentals of the mechanics of orthogonal cutting, which are the upper-bound theorem
applied to orthogonal cutting and the real virtual work equation, are re-evaluated using the proposed velocity
diagram and corrected relationships are proposed. To prove the theoretical results, the equation for displacements in the deformation zone is derived using the proposed velocity relationships. To prove that the
displacements in the deformation zone follow the derived equation and that this zone consists of two
unequal parts, a metallographical study of chip structures has been carried out. To estimate the variation
of stress and strain in the deformation zone quantitatively, a microhardness scanning test was conducted.
Because it is proved that the chip formation process is cyclic, its frequency is studied. It is shown that
when the noise due to various inaccuracies in the machining system is eliminated from the system response
and thus from the measuring signal, and when this signal is then properly processed, the amplitude of the
peak at the frequency of chip formation is the largest in the corresponding autospectra.  2001 Elsevier
Science Ltd. All rights reserved.
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1. Introduction
Over the last hundred years extensive research has been carried out on the machining of metals.
Most of this was focused on the down-to-earth reduction of machining costs and a pragmatic
approach to the manufacture of parts of acceptable dimensional accuracy and surface quality.
Unfortunately, a much smaller volume of research has been devoted to discovering the fundamental mechanisms underlying metal machining processes in general, as opposed to seeking case
solutions for particular machining problems.
Although the history of metal cutting dates from the latter part of the 19th century [1–4], the
modern history of metal cutting began in 1945 when Merchant published his vision of metal
cutting phenomena [5]. As recorded in an excellent survey presented by the CIRP working group
on chip control [6], numerous attempts to improve the theory proposed by Merchant failed to
enhance its predictive ability. Moreover, the original objectives of metal cutting research became
somewhat obscure [7]. Instead of the original objective to establish a predictive theory, the center
of gravity shifted to developing theories of a descriptive nature, which only explain post-process
phenomena and thus have no prediction ability. As a result, no significant progress was made
and, after many years of study, theory is still lagging behind practice. Shaw in his book ([8], p.
200), which summarizes his many years of experience in the field, came to the discouraging
conclusion that it is next to impossible to predict metal cutting performance.
The objective of this paper is to present a new velocity diagram and, on the basis of this
diagram, correct some basic relationships of metal cutting mechanics.
2. Velocity diagram
The model of chip formation constitutes the very core of any metal cutting theory. Although
a number of models are known to specialists in the field, the single-shear-plane model, originally
proposed and studied in the 19th century [9], survived all of them and, moreover, it is still the
first choice for student textbooks (e.g., [10]). The model is shown in Fig. 1(a), where the cutting
tool is removing stock of thickness t1 by shearing it ahead of the tool in a zone which is rather
thin compared with its length and thus can be represented reasonably well by a single shear plane,
AB. The position of the shear plane is customarily defined using the shear angle j, as shown in
Fig. 1(a). After being sheared, the layer to be cut becomes the chip which slides first along the
tool rake face, following the rake face shape [a straight portion of the chip in Fig. 1(a)], and then,
beyond a certain point O on the tool face, it curls away.
In analyzing metal cutting mechanics using the model shown in Fig. 1(a), the velocity diagram
(sometimes called the velocity hodograph), which defines relationships between velocity components in the machining zone, is a fundamental issue because it defines the deformation and friction
energy spent in the cutting process [5,8,11]. Knowing these parameters, all other physical quantities of this process are defined.
The first known velocity diagram [5,9,12], commonly used today, is shown in Fig. 1(b). In this
diagram, the chip velocity Vc appears to be the sum of the shearing and cutting velocities. Using
this diagram, the basic kinematic relationships for the model shown in Fig. 1(a) were derived.
However, three basic problems associated with this diagram should be pointed out as follows.

V.P. Astakhov et al. / International Journal of Machine Tools & Manufacture 41 (2001) 393–418

395

Fig. 1. The single-shear-plane model (a) and three known velocity diagrams (b, c and d).

1. In the known derivations of the basic kinematic relationships using this velocity diagram
[5,8,10,12], the sign “⫺” is missing. Nevertheless, the same velocity diagram has been used
in subsequent publications on metal cutting [13–16].
2. The velocity of deformation (the shearing velocity) may be greater (for negative rake angles
as presented in Fig. 5(b) in [17]) than that of applied load. This is, however, physically impossible for not fully constrained physical systems such as the model of Fig. 1(a). For such systems,
the velocity of the applied load (the cutting velocity) is the highest so any other velocity in
any direction should be smaller than this velocity (as in standard mechanical testing — tensile,
compression, etc.).
3. The model shown in Fig. 1(a) includes the formation of a series of chip elements having
thickness ⌬y. The corresponding velocity diagram does not reflect the change from the formation of one chip element to the subsequent one; i.e., the switch from one shear plane to another.
Black [10] “silently” corrected the velocity diagram shown in Fig. 1(b), offering his version
shown in Fig. 1(c). The same diagram is used by Altintas in his recent book [18], where he
explains that the cutting velocity is resolved into two other velocity components. Although this
new diagram solved the “sign” problem and thus made the derivation of the basic kinematic
equation correct, the magnitude of the shearing velocity is still the same as in the diagram shown
in Fig. 1(b) so that Problem 2 remains unsolved. Moreover, it is well known that the layer to be
removed on passing through the shear plane deforms in the direction opposite to that assumed in
Fig. 1(c). This is physically impossible since the direction of the velocity of deformation must
coincide with that of deformation. Also, it is clear that this velocity diagram does not resolve the
third problem.
Stephenson and Agapiou [19], in trying to solve the discussed “sign” problem, proposed the
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velocity diagram shown in Fig. 1(d) where the direction of the chip velocity is assumed to be
opposite to the direction of its motion. It is true that the chip shrinks, i.e., its length is commonly
less than that of the removed layer. However, when the single-shear-plane model is considered,
this process is assumed to occur “instantly” when the chip crosses over the shear plane having
zero width so that the velocity of deformation is infinite. Then the chip moves over the tool face
with the velocity of the chip that, within the tool/chip interface, is parallel to this face and directed
outwards from the shear plane.
3. The discontinuity of the tangential velocity
Applying the system approach to chip formation, Astakhov and co-workers suggested a generalized model of chip formation [20] arguing that chip formation is a cyclic process. Each cycle
basically consists of three successive phases (Fig. 2): (1) compression of the workpiece material
ahead of the tool; (2) formation of the surface of velocity discontinuity, which appears to be a
surface of the maximum combined stress; and (3) fracture and then sliding of a chip fragment.
The mechanics of the first phase, when the workpiece material is subjected to local plastic
deformations and when the boundaries of the deformation zone permanently change their location,
is considered well by Zorev [11]. The consideration of the second and third phases (the duration
of which occupies 85–95% of the cycle time and involves the discussed velocity diagram) is the
subject of the present study.
When applying the basics of engineering plasticity to analyze the chip-formation process, one
inevitably starts with the known differential equation of force equilibrium [21], which can be
written in tensor notation as
∂sij
⫹Xi⫽0,
∂xi

(1)

Fig. 2.

Three distinctive stages in a chip-formation cycle.

V.P. Astakhov et al. / International Journal of Machine Tools & Manufacture 41 (2001) 393–418

397

where sij is the stress tensor and Xi are the components of the body force per unit volume.
Many problems in plasticity theory are regarded as quasi-static since it is assumed that the
inertia forces due to plastic flow may be neglected. This is true for metal cutting since the dimensionless parameter rwv2/sY¿1 [21], where rw is the density of workpiece material, v is a characteristic velocity of deformation (can be regarded as the shear velocity) and sY is the uniaxial
yield stress.
Consider a body that occupies a volume V, and is bounded by the surface S, as shown in Fig.
3. The surface S is considered to comprise two parts, SF and SV. Assume sij to be any stress field
that satisfies the differential equation of equilibrium [Eq. (1)] which is consistent with the prescribed tractions Ti, on the surface SF of the body and body forces Xi. Then
Ti⫽sij nj ,

(2)

where nj are directional cosines of the outward unit normal n.
On the other part SV of the surface, let the velocity v be prescribed and its components be
denoted as vi. Corresponding to this field the strain-rate components are:
ėij ⫽

冉

冊

deij 1 ∂vi ∂vj
⫹
,
⫽
dt 2 ∂xj ∂xi

(3)

where t denotes time.
If it is assumed that the configuration of the considered body after deformation is negligibly
different from its initial state defined by S and V, then the rate of the external work done over
the complete body can be stated as

冕

冕

Ẇ⫽ Tivj dS⫹ Xivj dV,
S

(4)

V

where the first integration extends over the whole surface S and the other integration over the
whole volume of the body V. Since the surface integral in Eq. (4) can be expressed using Eq.
(2), then Eq. (4) becomes

冕
S

冕

冕

Tivj dS⫹ Xivj dV⫽ sij ėij dV,
V

V

Fig. 3. A body considered to comprise two parts, SF and SV.

(5)
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which is known as the virtual work equation [21].
Eqs. (1) and (5) have been used in multiple attempts to apply the various aspects of plasticity
theory (slip-line and upper-bound solutions) to metal cutting mechanics [11,15,19,22–25]. However, the results obtained using the single-shear-plane model were found to be closer to those
obtained experimentally than that obtained using the theory of engineering plasticity. This paradox
so far remains unexplained and a need is felt to address the issue.
A detailed analysis of the known solutions shows that the main problem is associated with the
use of improper velocity diagrams shown in Fig. 1(b)–(d). Using these diagrams, researchers had
to employ Eqs. (2) and (5) in their analyses. It will be shown hereafter that these equations are
inapplicable to the analysis of the chip-formation process.
Eqs. (2) and (5) assume continuous stress and velocity fields in the deformation zone. As such,
the lower boundary of the deformation zone in the known solutions is defined as the line where
the first deformation occurs and the upper boundary is the line where the deformation completes.
Although these are recognized and defined as slip lines [11,15], they are not the plane projections
of sliding surfaces. On the contrary, the shear plane attributed to the single-shear-plane model is
the sliding plane although this fact has never been admitted, at least directly. In the sense discussed, the single-shear-plane model is much closer to the cyclic model of chip formation, particularly to its second phase.
The mechanism of sliding which leads to fracture is explained in [21]. Sidjanin and Kovac
presented an excellent experimental verification of this fact [26]. As such, discontinuities in
stresses and velocities are inevitable in plastic deformation. It is therefore necessary to consider
the generalization of Eq. (5).
Consider the case where the stress is discontinuous at a certain surface SD as shown in Fig.
4(a). The surface divides the deformation zone into two parts: Region 1 and Region 2. Let the
(1)
(2)
act on one side of the surface SD and T (2)
act on the other.
tractions T (1)
i =sij nj
i =sij nj
The equilibrium requirement for an element at a surface of stress discontinuity is
(2)
sij n(1)
j ⫺sij nj ⫽0

(6)

and therefore the integrals over the surface of stress discontinuity cancel each other. This means
that the normal components sijnj must be continuous across this surface; i.e., the existence of
stress discontinuities does not affect the virtual work equation. In other words, Eq. (5) is still
valid when the equilibrium stress field contains surface(s) of stress discontinuity.
Next we assume that the body under consideration is divided into two regions — namely,
Region 1 and Region 2 — by a surface of velocity discontinuity, SD, where the velocity field vi
is otherwise continuous as shown in Fig. 4(a). Since incompressibility is assumed during plastic
deformation, the condition of the permanent contact between Regions 1 and 2 may be represented
by the continuity condition in the following form [21]
∂vx ∂vz
⫹ ⫽0.
∂x dz

(7)

For a continuous solid medium the sliding velocity is constant, i.e., vx=const., and Eq. (7) becomes
∂vz
→
→
(2)
⫽0⇒vz⫽const.⇒projz v (1)⫽projz v (2)⇒v(1)
n ⫽vn .
∂z

(8)
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Fig. 4. (a) A surface of discontinuity, SD, which separates Region 1 from Region 2; (b) the surface of velocity
discontinuity, SD, as the limiting position of a thin layer through which the velocity changes continuously, and the
tangential velocity in Region 1 has the same direction as in Region 2; (c) the tangential velocities in Region 1 and in
Region 2 have opposite directions.

Therefore, the component of velocity normal to the surface of velocity discontinuity SD must be
continuous across the surface. Therefore, discontinuities can only occur in the velocity components
which have a direction tangential to the surface SD.
Consider some point O on the surface of velocity discontinuity SD as shown in Fig. 4(a). In
this figure, a local rectangular Cartesian coordinate system with the origin at O is set so that:
앫 the z-axis coincides with the normal to the surface at point O; and
앫 the x-axis is tangent to the surface at point O.
The velocities as the surface of discontinuity is approached from Region 1 and Region 2 are
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(2)
v(1) and v(2) and the tangential velocity components on the two sides of SD are v(1)
x and vx , respectively.
Therefore, the tangential velocity discontinuity is
(1)
v∗x ⫽v(2)
x ⫺vx .

(9)

If the surface of velocity discontinuity has zero thickness as shown in Fig. 4(a), then the shear
strain-rate component gzx→⬁ and this is impossible physically.
To solve the contradiction, consider each of three distinctive stages of a chip-formation cycle
shown in Fig. 2.
At the first stage, stress grows in the workpiece and, as a result, the deformation of the layer
to be removed takes place locally originating from two distinctive zones. The stresses and deformations here grow with the applied penetration force P so that this deformation zone has everchanging boundaries. At this stage, the model of chip formation corresponds to that proposed by
Lee and Shaffer [22] and modified later by Zorev [11].
Studying quick-stop samples of the deformation zone obtained at this stage, Zorev arrived at
the conclusion that the deformation zone is “a living body” rather than having a defined shape.
There is no unique shear plane; the initial and final boundaries of this zone have ever-changing
positions due to instability of the process of plastic deformation in the zone. This fact has never
been acknowledged by subsequent researchers who continue to represent the model of chip formation as a single picture, i.e., by assuming the existence of its steady-state configuration. Zorev
concluded further that a complex state of stress exists in the deformation zone. This stress is not
steady-state and also is non-uniform throughout this zone. As a result, the process of plastic
deformation during chip formation is not a case of simple loading.
Hill [23] and Dewhurst [24] arrived at similar conclusions, arguing for the non-uniqueness
of the machined process. Since both researchers used engineering plasticity principles in their
considerations, it is obvious that the non-uniqueness of the instant parameters of the metal cutting
process is meant. In other words, no steady-state solution exists at the first stage of a chipformation cycle.
At the second stage of a chip-formation cycle the deformation becomes global, which leads to
the formation of a surface of velocity discontinuity as shown in Fig. 2. At this stage, the surface
of the velocity discontinuity may be considered as the limiting position of a thin layer through
which the velocity changes continuously and rapidly from v(1) and v(2). For the situation considered, illustrated in Fig. 4(b) and (c), only the component in the x-direction experiences a rapid
change whilst the components in the other two directions are essentially constant through the
layer. It follows that the shear strain-rate component g⬘zx is much greater than the other strain-rate
components. Fig. 4(b) and (c) illustrates that, depending on the geometry of the deformation zone,
(2)
the tangential velocity components on the two sides of SD (v(1)
x and vx ) may have either the same
or opposite directions.
At this second stage, the model of chip formation corresponds to that that considered by Kececioglu [27] and then by Oxley [15,28] although they both used the velocity diagram shown in Fig.
1(b); i.e., the existence of velocity discontinuity was not recognized in their studies.
The third stage of a chip-formation cycle (Fig. 2) begins when the combined stress in the
deformation zone reaches a certain limiting value as discussed in [20]. As such, a sliding surface

V.P. Astakhov et al. / International Journal of Machine Tools & Manufacture 41 (2001) 393–418

401

forms in the direction of the maximum combined stress. As soon as the sliding surface forms,
the chip starts to slide along this surface and thus along the tool face. Since no further chip
deformation (in the direction of sliding surface) occurs on sliding, i.e., the chip thickness has
been formed completely at the second stage, the shear strain-rate component g⬘zx is equal to zero
rather than infinity as is thought presently. As a result, the penetration force reduces on sliding
[20].
At this stage, the model of chip formation corresponds to that known as the single-shear-plane
model considered by Usachev [9], Merchant [5], and many others [8,12–14,16]. Although the
sliding plane was termed the shear plane, that the known schematic representation of the model
consisted of card-like elements displaced by the cutting tool (e.g., Fig. 4 in Merchant [5]) supports
the author’s point.
The foregoing analysis reveals that there are no contradictions amongst the known concepts of
the chip-formation process. When they are considered using the proposed system approach, they
just describe the different stages of this process. In this sense they cannot be compared with each
other as is commonly performed in works on metal cutting.

4. Real velocity diagram in metal cutting
It follows from the foregoing discussion that the velocity diagram makes sense only at the
second and third distinctive stages of a chip-formation cycle since the deformation of workpiece
material takes place locally at the first stage. As follows from Fig. 2, a surface of velocity discontinuity, which eventually turns to be a sliding surface, forms in each cycle of chip formation. As
argued in [20], this surface can be approximated well by a plane. Therefore, the deformation zone
at the second stage can be thought of as having parallel boundaries as shown in Fig. 4(b) and (c).
Although the parallel-sided deformation zone theory and corresponding model of chip formation
had been proposed originally by Kececioglu [27] and then developed further for many years by
Oxley [28], it appears to be fruitless compared with the single-shear-plane model [29]. In the
authors’ opinion, the cause of this is the use of the velocity diagram shown in Fig. 1(b) that
forced Oxley to make a number of physically unjustifiable assumptions about stress and stain in
this zone as well as about deformation mode. For example, simple shearing was assumed to be
the deformation mode but it may never lead to the third stage since this mode does not lead
to fracture.
Astakhov and Osman [30] suggested a new avenue in the analysis of the problem and their
approach will be used in further considerations. A simple model of two-dimensional machining
(orthogonal cutting) is shown in Fig. 5(a). The tool is a single-point tool characterized by the
rake angle gn. The forces imposed on the tool create intense shearing action on the metal ahead
of the tool. The metal in the chip is severely deformed on changing from an undeformed chip of
thickness t1=a1 to a deformed chip with thickness tc=ac as a result of shearing in the shear zone
ABCD with parallel boundaries, occurring at a shear angle j.
The coordinate system, illustrated in Fig. 5(a), is set as follows:
앫 the x-axis coincides with the upper boundary of the shear zone ABCD; and
앫 the z-axis is perpendicular to the x-axis as shown in Fig. 5(a).
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Fig. 5. Model for orthogonal cutting: (a) model of the shear zone with parallel boundaries; (b) velocity diagram at
the second stage when the tool rake angle is positive; (c) velocity diagram at the second stage when the tool rake angle
is negative; (d) velocity diagram at the third stage when the tool rake angle is positive; (e) velocity diagram at the
third stage when the tool rake angle is negative.

According to plasticity theory [21] and the above considerations, the following should not
be forgotten:
앫 the boundaries BC and AD of the deformation zone are slip lines; and
앫 discontinuity of the tangential velocities on the boundaries should take place.
Since it is assumed that the upper boundary of the deformation zone is a straight line, the
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continuity condition [Eq. (7)] appears to be the condition of the permanent contact between the
deformation zone and the chip. This condition can be simplified using the fact that the upper
boundary of the shear zone is a slip line. It is known that for velocities vI and vII, tangent to the
mutual perpendicular slip lines I and II (Fig. 6), the Geiringer equations [21] are valid:
dvI⫺vII djI⫽0

(10)

dvII⫺vI djII⫽0.

(11)

and
Because the upper boundary of the shear zone is a straight line, then djI=0. Thus, from Eq. (10)
it follows that dvI=0 and thus vI=const. Hence, the velocity along a straight slip line is constant.
This leads to the conclusion obtained earlier [Eq. (7)], i.e., ∂vx/∂x=0 and, hence, to Eq. (8) that
can now be written in the new notations as
∂vz
→
→
⫽0⇒vz⫽ const.⇒projz v (1)⫽projz v (2).
∂z

(12)

Referring to Fig. 5(a), Eq. (12) shows that the velocity in the z-direction in the deformation zone
is equal to that of the chip in the same direction.
Because vz=const., it follows from Eq. (11) that dvII=0. This, in turn, results in the following:
djII=0 and thus jII=const. Therefore, the second family of slip lines is a set of straight lines.
Because the slip lines must be orthogonal [21], the second family of lines must cut the first family
at right angles. Because jII is constant for the entire region, then from the well-known Hencky
equations [21] it follows that the normal stress p must be constant over the entire region.
According to the continuity condition, the boundary conditions for the tangential and normal
velocity components [Fig. 5(a)] are:

再

vx⫽

vt=v cos j

when z=−h

v1t=−v1 sin(j−gn)

when z=0

(13)

The component of the workpiece velocity vt and the component of the chip velocity v1t with
respect to the deformation zone can have either the same [Fig. 5(b)] or opposite direction [Fig.
5(c)], depending on a particular combination of the angles j and gn. As seen in Fig. 5(a), the

Fig. 6. Location of the tangent velocities relative to the slip lines.
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velocity components vt and vIt have the same direction if and only if the tool rake angle gn is
greater than the shear angle j.
The difference between the velocities vt and v1t defines the discontinuity v∗x of the tangential
velocity vx
→∗
x

→

→

v ⫽ v t⫺ v 1t v∗x ⫽v cos j⫹v1 sin(j⫺gn)⫽v

cos gn
.
cos(j−gn)

(14)

The continuous transformation of the velocity vx from vt to v1t takes place in the deformation
zone with parallel boundaries. Thus, the change may be approximated by the suitable continuous
transition curve justifying the boundary conditions defined in Eq. (13) [see Fig. 5(b) and (c)].
Because the slip lines are straight lines, the velocity vx depends on the z-coordinate only. Although
the law governing this dependence is unknown, it was shown [31] that the curve vx(y) can be
approximated by the following analytical function
n

||

z
.
vx(z)⫽vv⫺v
h
∗
x

(15)

Here, n is a parameter (power) characterizing the non-uniform distribution of the tangential velocity in the deformation zone. In the machining of ductile materials at low cutting speeds n=4 and
at high cutting speed n=8.
Fig. 7 illustrates that the greater the value of n, the more non-uniform is the change of the
velocity ratio vx/vn in the deformation zone. This zone can be thought of as divided into two

Fig. 7. Transformation of the tangential velocity within the deformation zone under different n.
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regions. The first part can be called the wide region where the change of velocity ratio vx/vn takes
place at a low rate. The second is the narrow region where this change takes place at a high rate.
At the third stage of a chip-formation cycle, sliding surface forms in the direction of the
maximum combined stress [20]. As such, the whole chip fragment slides over the sliding surface,
which, for the time of sliding, mechanically separates the chip from the rest of the workpiece.
As pointed out above, the chip thickness has been formed completely at the second stage so that
the shear strain-rate component gzx is equal to zero rather than infinity at the third stage. Because
the sliding surface has been approximated by a plane, the velocity diagram at the third stage
corresponds to those shown in Fig. 5(d) and (e).

5. Experimental verification
Because it is next to impossible to measure velocities of deformation in the chip-formation
zone, it is important for further considerations to convert these velocities into the corresponding
displacements in this zone. Since such displacements make sense only at the second stage of a
chip-formation cycle (Fig. 2), the velocity diagram corresponding to this second stage [vx(t)] will
be used. Consider a microvolume of the workpiece material, which is entering into the deformation
zone (Fig. 5). Its displacement as a function of time t=z/vn can be expressed as

冕
t

冉冊

vt vz h z n
.
Dx(y)⫽ vx(t) dt⫽ y⫺
vn vnn+1 h
0

(16)

It follows from Eq. (16) that the displacement is maximum within the deformation zone if the
velocities v1t and vt have opposite directions (j⬎gn). When n increases, this maximum approaches
the upper boundary of the deformation zone. Because deformation is proportional to displacement,
it may be concluded from Eq. (16) and Fig. 7 that the deformation should divide the chip-formation zone (and thus each fragment of the formed chip) into two unequal regions. The first is the
wide region where plastic deformation takes place at a low rate. The second is the narrow region
where this deformation takes place at a high rate. Therefore, to prove that this is the case, the
presence of these zones should be verified experimentally.
The results of the theoretical finding discussed above can be verified experimentally by analyzing the chip structure. To do this, a special experiment was carried out. Three work materials
were selected for the study: 1 — plain carbon steel AISI 1040; 2 — low-alloy steel AISI 3310H;
3 — low-alloy steel AISI 4130. The experimental set-up used is discussed in Appendix A.
Fig. 8(a) shows a micrograph of the initial structure of stainless steel AISI 303 selected for
the study and Fig. 8(b) presents a micrograph of the corresponding chip structure. To distinguish
the variation in grain deformations, Fig. 9 shows the microstructure of a single chip fragment
(presented at a higher magnification). It can clearly be seen to consist of two unequal regions as
discussed above, which proves the proposed model.
Figs. 10(a) and 11(a) show the initial structures of the other two materials selected for the
study and Figs. 10(b) and 11(b) present micrographs of the corresponding chip structures. As
shown, the differences in grain deformation cannot be distinguished readily with the aid of optical
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Fig. 8. Micrographs of (a) the initial structure of AISI 303 stainless steel (magnification 400×) and (b) the chip
structure (magnification 150×) obtained in orthogonal cutting test with cutting speed of 60 m/min, equivalent cutting
feed of 0.2 mm/rev. Etched with 40 ml hydrofluoric acid, 20 ml nitric acid and 40 ml Glecren.

microscopy. To demonstrate the variations of strain and stress within a chip fragment shown in
Figs. 3(b) and 4(b), a microhardness study was carried out.
It is known that the microhardness (HV) of the plastically deformed material is uniquely related
with the preceding deformation (e) [32] and with the shear stress t gained at the last stage of
deformation [33] as follows
HV⫽0.208e0.219, 0.05ⱕeⱕ2.00

(17)

t⫽0.185HV.

(18)

and

The experimental results are shown in Figs. 12 and 13. The variation of microhardness over
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Fig. 9. Micrograph of a single chip fragment of AISI 303 stainless steel. Tool: material — M30, rake angle — 0°,
flank angle — 12°; cutting regime: cutting speed — 60 m/min, feed — 0.2 rev/min, depth of cut — 5.0 mm. Etched
with 40 ml hydrofluoric acid, 20 ml nitric acid and 40 ml Glecren.

the chip fragments quantitatively demonstrates significant variation of the stress and deformation
over a cycle of chip formation that proves the discussed model.
The foregoing analysis suggests that the chip-formation process appears to be cyclic and, therefore, its frequency is of interest. The study reveals that the frequency of the chip-formation process
depends on the cutting speed and workpiece material (Fig. 14).
One may argue, however, that the energy of the chip-formation process may not be sufficient
to affect the dynamic characteristics of the cutting process significantly. To address the issue,
Figs. 15–17 present the frequency autospectra of cutting force obtained in machining of different
materials at the same cutting regimes and dimensions of the workpiece. The results of the study
show that when the dynamic experiments are conducted properly, i.e., when the noise due to
various inaccuracies in the machining system is eliminated from the system response and from
the measuring signal, and when this signal then is properly processed, the amplitude of the peak
at the frequency of chip formation is the largest in the corresponding autospectra. Unfortunately,
this fact has never been acknowledged in the dynamic analysis of machining systems, where the
cutting process as the main source of vibration is totally ignored.
6. The upper-bound theorem applied to orthogonal cutting
Fig. 18(a) shows a model for orthogonal cutting at the second stage of a chip-formation cycle
shown in Fig. 2. A local rectangular Cartesian coordinate system is set similar to that shown in
Fig. 4(a). Consider a parallelepiped of workpiece material ABCD of vertical height t1 and of unit
length in the z-direction (thus will be further referred to as the parallelogram ABCD), shown in
the physical diagram of Fig. 18(a) to be moving to the right with unit velocity. It is assumed that
the deformation is plane strain in the (x, z)-plane and the workpiece material is initially rigid. As
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Fig. 10. Micrographs of (a) the initial structure of AISI 1045 steel (magnification 400×) and (b) the chip structure
(magnification 100×) obtained in orthogonal cutting test with cutting speed of 60 m/min, equivalent cutting feed of
0.2 mm/rev. Etched with 10 ml Nital and 90 ml alcohol.

before, the plane of the maximum combined stress is approximated in this model by a plane
extended from the cutting edge to the workpiece free surface. Since plastic deformation in the
machining of ductile materials take places by shearing, this plane may be referred to as the shear
plane. On crossing the shear plane, which is represented in Fig. 18(a) by its trace in the (z, x)plane XX, the parallelogram ABCD is distorted into the parallelogram A1B1C1D1 which moves
with the velocity of the chip in the direction parallel to the tool rake face. The distortion of the
parallelogram ABCD is due to the shear stress t acting on the shear plane, which, as discussed
above, is the plane of velocity discontinuity at the second stage of a chip-formation cycle.
The velocity diagram for the case considered is shown in Fig. 18(b). In this diagram, the vector
oa represents the initial unit velocity of the element which can be resolved into two components —
the vector ob of magnitude vn, which is normal to the line XX, and the vector ba of magnitude
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Fig. 11. Micrographs of (a) the initial structure of AISI 4340 steel (magnification 400×) and (b) the chip structure
(magnification 100×) obtained in orthogonal cutting test with cutting speed of 60 m/min, equivalent cutting feed of
0.2 mm/rev. Etched with 10 ml Nital and 90 ml alcohol.

vt, which is parallel to the line XX. After crossing the line XX, the velocity of the distorted element
is represented by the vector oc of magnitude vc and the direction parallel to the tool rake face.
Since the workpiece material is assumed to be incompressible, for constancy of volume, the
component of velocity normal to the line XX must remain constant. The component of the vector
oc normal to the line XX must therefore be given by the vector ob of magnitude vn. The component
of ob parallel to the line XX is given by the vector bc of magnitude v1t. The magnitude of the
tangential velocity discontinuity, therefore, is
v∗x ⫽vt⫺v1t.

(19)

In Fig. 18(c) the parallelogram ABCD is shown distorted into the parallelogram A1B1C1D1 due
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Fig. 12.

Microhardness (HV) distribution in the chip fragment shown in Fig. 3(b).

Fig. 13.

Microhardness (HV) distribution in the chip fragment shown in Fig. 4(b).

to the shear stress t producing an angle of distortion 90°⫺j. The energy dissipated by the shear
stress t during the distortion per unit length in the z-direction is given by
E⫽t·BC· relative displacement CC1.

(20)

The rate of internal energy dissipation per unit length in the z-direction is
dE/dt⫽t·BC·(CC1/t).

(21)
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Fig. 14.
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Effect of the cutting speed and workpiece material on the frequency of chip formation.

Because the element was initially moving towards the line XX with unit velocity, CD/t=1 or
t=CD. Therefore
dE/dt⫽t·BC·(CC1/CD).

(22)

The triangle CDC1 with inclined angle 90°⫺j in Fig. 18(c) is similar to the triangle aoc in the
velocity diagram of Fig. 18(b). Therefore,
CC1⫽CD⫽ac/oa⫽v∗x /1

(23)

and thus
dE/dt⫽t·BC·v∗x .

(24)

When the workpiece material, assumed to be rigid–perfectly plastic, yields and develops its
maximum resistance to deformation, t=ty, the yield shear stress in plane strain. However, real
workpiece materials can hardly be approximated to be perfectly plastic so that there is no unique
yield shear stress causing material flow. Rather strain hardening takes place, which results in the
maximum shear stress corresponding to the strain at fracture that is attributed to the end of the
second stage of a chip-formation cycle. This stress can be referred to as the shear flow stress, tf.
As the upper-bound solution is considered, this stress will appear in the further equations. Consequently the rate of internal energy dissipation cannot exceed tflXXv∗x , where lXX is the appropriate
length of the line of tangential velocity discontinuity XX. The rate of work done by the external
forces per unit length in the z-direction is
dW/dtⱕdE/dt⫽tflXXv∗x .

(25)

Because the maximum work done by the external forces per unit length within a chip-formation
cycle occurs at the end of the second stage of this cycle, Eq. (25) represents the upper-bound
theorem for the whole chip-formation cycle.
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Fig. 15. Autospectra for the cutting force. Workpiece material — AISI 1045, spindle rotation speed — 1253 rev/min.

7. Real virtual work equation
To derive the virtual work equation that corresponds to the real model of chip formation discussed above, consider an infinitesimal element dSD of the surface of velocity discontinuity SD
shown in Fig. 3. In Region 1 the rate of work done by the stresses is
⫺(snnn⫹tyvy⫹txv(1)
x ) dSD,

(26)

where sn=sz and vn=vz are the components of normal stress and velocity (in the z-direction), ty
and vy, tx and v(1)
are the components of shear stress and tangential velocity in the y- and xx
direction, respectively.
The corresponding rate of work done by the stresses in Region 2 is
⫺(snvn⫹tyvy⫹txv(2)
x ) dSD

(28)
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Fig. 16. Autospectra for the cutting force. Workpiece material — AISI 4340, spindle rotation speed — 1253 rev/min.

and the algebraic sum of the rates of work done by the stress acting on the element dSD is therefore
(2)
∗
udSD⫽⫺t(v(1)
x ⫺vx ) dSD⫽txvx dSD.

(29)

Consequently, the rate of work done by the stress acting on the surface of velocity discontinuity
SD is given by

冕

uSD⫽ txv∗x dS.

(30)

SD

Here, tx may be thought of the shear flow stress of workpiece material, i.e., tx=tf.
Using the results of the foregoing discussion, the virtual work equation (5) should be re-written as
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Fig. 17.

Autospectra for the cutting force. Workpiece material — AISI 303, spindle rotation speed — 1253 rev/min.

冕
S

冕

冕

冕

Tivi dS⫹ Xivi dV⫽ sij ėij dV⫹ tyv∗x dS.
V

V

(31)

SD

Eq. (16) may be referred to as the real virtual work equation in metal cutting.
8. Conclusions
Although the known velocity relationships in orthogonal cutting constitute the very core of
metal cutting theory, they are in obvious contradictions with the results of simple observations
and deformation principles. This may be one of the main causes of the severe discrepancy between
the theoretical and experimental results.
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Fig. 18. A model for orthogonal cutting at the second stage of a chip-formation cycle.

The system approach to metal cutting studies proposed earlier was extended to study velocity
relationships in orthogonal metal cutting. The chip-formation process is considered as having a
cyclic nature. Each cycle is treated as consisting of three distinctive stages. It is argued that the
velocity relationships, expressed customarily in the form of a velocity diagram, make sense only
at the second and third stages. New velocity diagrams for these stages are proposed. It is demonstrated that the discontinuity of the tangential velocity takes place in the deformation zone and
it is explained why the rate of strain is not infinite even with a single sliding plane. As such, this
zone can be thought of as divided into two regions. The first part can be called the wide region,
where plastic deformation takes place at a low rate. The second is the narrow region, where this
deformation takes place at a high rate. Using the results of metallographical study and microhardness tests, the paper proves these finding experimentally.
Because the chip-formation process is considered as cyclic, the frequency of chip formation
was studied and found to be dependent on the cutting speed and workpiece material. It is shown
experimentally that when the experiments are conducted properly, i.e., when the noise due to
various inaccuracies in the machining system is eliminated from the system response and thus
from the measuring signal, and when this signal then is properly processed, the amplitude of the
peak at the frequency of chip formation is the largest in the corresponding autospectra.
Using the results obtained, the paper presents new expressions for the upper-bound theorem
for the entire chip-formation cycle and for the virtual work equation.
Appendix A. Cutting test conditions
Since the cutting force is known to be very sensitive to even the smallest change in the cutting
process, special attention was paid to the selection of the conditions of the tests and to experimental methodology [34,35]. The test conditions were selected as follows.
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A.1. Workpiece materials
Three materials were employed: 1 — plain carbon steel AISI 1040; 2 — low-alloy steel AISI
3310H; 3 — low-alloy steel AISI 4130. The composition, the element limits and the deoxidation
practice were chosen according to the requirements of standard ANSI/ASME B94.55M-1985 and
were requested from the steel dealer. Special parameters such as the element count, microstructure,
grain size, inclusion count, etc. were inspected using quantitative metallography.
To simulate the true orthogonal cutting conditions, the special specimens were prepared as
discussed in [35]. After being machined to the configuration, the specimens were tempered at
180–200°C to remove the residual stresses. The hardness of each specimen was determined over
the whole working part. Cutting tests were conducted only on the bars where the hardness was
within the limits ±10%.
A.2. Machine
A retrofitted Schaerer HPD 631 lathe was used. The drive unit motor was replaced with a 15
kW variable-speed alternating-current (AC) motor and the feed motor was replaced with a 5 kW
variable-speed AC motor. The motors were individually controlled by AC invertors. The AC
invertors were designed to provide the required Volts/Hertz ratio, allowing the AC motors to run
at their optimum efficiency and providing rated torque capability through the motors’ rated base
speed. The control section of the AC invertors consisted of a control board with a 16-bit microprocessor and keypad interface with an 8-bit microprocessor.
A.3. Cutting tool
A general-purpose CTJNR2520L16 tool holder and cutting inserts made of C6 (8% Co, 15%
TiC, 77% WC) general-purpose carbide were used. The geometry parameters of the tool were
controlled according to American National Standard B94.50-1975. Tolerances for all angles were
0.5°. The roughness Ra of the face and flanks did not exceed 0.25 µm and was measured according
to American National Standard ANSI B46.1-1978. Each cutting edge was examined at a magnification of 15× for visual defects such as chip or cracks.
A.4. Dynamometer
A two-component dynamometer made similarly to Kistler Type 9271A was used. Based on the
standard mounting as specified by the supplier (Kistler), the load washer (Kistler Type 9065) was
mounted on the workpiece spindle and pre-loaded to 120 kN. At this pre-load, the range for force
measurements is from ⫺20 to +20 kN.
A.5. Measuring set-up
The load washer was connected to the charge amplifier (Kistler, model 5004), which, in turn,
was connected to the fast Fourier transform (FFT) analyzer (B&K, model 2032). Frequency
response measurements of the set-up were carried out to determine the range of frequencies of the
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cutting forces that could be measured accurately without distortion. The analysis of the frequency
composition was carried out to determine the variations in the cutting force. A frequency sweep
was carried out at a fixed load, and the magnitude of the ratio of the output of the dynamometer
to the force applied by a shaker was determined in a frequency range 0–2 kHz. Using the results
of these measurements, the design parameters of the set-up were adjusted so that its the dynamic
rigidity did not affect the results of the study.
A.6. Microhardness
The microhardness tests were carried out according to the ASTM E384-84 standard. In this
study, a Leco M-400-G2 microhardness tester was used. This tester supports the mounting specimens and permits the indenter and the specimen to be brought into contact gradually and smoothly
under a predetermined load. This tester has a feature such that no rocking or lateral movement
of the indenter or specimen is permitted while the load is being applied or removed. A measuring
microscope is mounted on the tester in such a manner that the indentation may be readily located
in the field of view.
A.7. Metallography
The preparation steps for microscopy are of great importance, since the true microstructure
may be fully obscured by poor technique or execution. Improperly prepared samples can lead to
misleading interpretations. Therefore, special care was dedicated to the preparation of specimens.
The preparation of metallographic specimens was in accordance with ASTM E3-86, ASTM E34089 and ASTM E407-87 standards. The prepared specimens were studied using a Clemex 1024
Vision system having a dedicated image processor. Clemex Vision 2.2 software was used.
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